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ABSTRACT 
By interpreting J.A. Lester’s [9] result on inversive-distance-preserving mappings as an axiomatiz- 
ability statement, and by using the Liebmann isomorphism betwen the inversive plane and hyper- 
bolic three-space, we point out that hyperbolic three-spaces (and inversive geometry) coordinatized 
by Euclidean fields can be axiomatizaed with planes (or circles) as variables, by using only the 
plane-orthogonality (or circle-orthogonality) predicate lP (or I,), or by using only the predicate 6’ 
(or 9, where 6’(p,p’) (or 6(A, B)) is interpreted as ‘the distance between the planesp andp’ is equal 
to the length of the segment s whose angle of parallelism is 4 (i. e. n(s) = 4)’ (or as ‘the numerical 
distance between the disjoint circles A and B has the value Q, which corresponds to s via Liebmann’s 
isomorphism’). 
Two hyperparallel (non-intersecting and non-parallel) planes in a hyperbolic 
three-space (by which we mean a model of hyperbolic three-space co- 
ordinatized by a Euclidean field) have a common perpendicular, and thus a 
‘distance’ between them may be defined as the length of the segment hat these 
two planes cut on their common perpendicular. 
In 1905 H. Liebmann [lo] pointed out, and H.S.M. Coxeter has tirelessly re- 
minded us since the mid-sixties of its existence (in most detail in [3]), the ex- 
istence of an isomorphism between hyperbolic three-space and the inversive 
plane. Since planes in hyperbolic three-space correspond to circles in the in- 
versive plane under this isomorphism, there is also a notion of distance be- 
tween two disjoint circles, corresponding to the notion of distance between two 
hyperparallel planes. There are two definitions of distance between two disjoint 
circles. The one proposed in [3], called inversive distance uses the In function, 
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which is not defined in arbitrary Euclidean fields. The one proposed in [4] and 
[5], called numerical distance, is defined, for any two non-intersecting circles to 
be (Ic* - a2 - b21/2ab), where a and b are the radii of the circles and c is the 
Euclidean distance between their centres. It is this notion of numerical distance 
(which, to be precise, is the absolute value of the one defined in [4] and [5]) that 
we shall use throughout. 
J.A. Lester [9] proved that bijective transformations between inversive planes 
that preserve a given inversive distance are induced by Mobius or conjugate 
Mobius transformations. The results remain, with minor changes, such as re- 
placing 2g in Lemma 3.1 by 1 - 2e*, valid for numerical instead of inversive 
distance. By translating this result, as well as another one proved in [9], in the 
language of first-order logic axiomatizability, we obtain the following 
Theorem. The class of Euclidean Mobius planes’ (cf. [l, Satz 6.91) can be ax- 
.iomatized with circles as individual variables and the binary relation I, (or 6). 
Hyperbolic three-spaces coordinatized by Euclidean fields can be axiomatized 
with planes as individual variables and the binary relation lP (or 5’). 
Proof. Given Liebmann’s isomorphism, we need to show only how the class of 
Euclidean Mobius planes (which may be defined as Miquelian Mobius planes 
with a circle orthogonality relation satsifying the conditions (0 IV), (0 V), 
(0 VI) of [l, Satz 6.91) - their models have Euclidean coordinate fields) can be 
axiomatized by means of I, (or S) alone. Since Euclidean Mobius planes are 
axiomatized in [I] in a language with two sorts of variables, points and circles 
(to be designated by lower- and upper-case letters), and the incidence relation 
(the orthogonality relation can be defined in terms of the incidence relation as 
in [ 141 or [7]), we need to show how to translate the formulae ‘p is incident with 
K’ and ‘p = a’ inside the language L (or P) with only one sort of variables, to be 
interpreted as circles, and the relation I, (or 8. 
Following [9, Cor. 3.21 (where in the first sentence of the proof ‘elliptic’ and 
‘hyperbolic’ must be interchanged (cf. [2, 5.51 for pencils of circles)), we first 
define the circle-tangency predicate o (the intended interpretation of a(A, B) 
being ‘A and B are tangent’) by’ 
(Y(K, K’) : *K # K’ A [(VABCD) 
(C I, D v ((A I, B, CD) A (B I, CD) A C # D)) 
--t $K, K’ L C, WI, 
which states that K and K’ are tangent if and only if they are different and do 
not belong to a hyperbolic or an elliptic pencil of circles. 
We now define the intersection predicate x (thus x(K, K’) may be read as ‘the 
circles A and B intersect in two points’) by saying that two circles intersect if 
‘We have abbreviated A I~i<m,l~j<nAJ-c Bjby(A1,...,&IcB1 ,..., E,). 
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and only if they are perpendicular to two different circles which in turn are 
perpendicular to two perpendicular circles, i.e. 
x(K, K’) :ttK # K’ A (3ABCD) (A I, B, C, D) A (B I, C, 0) 
AC#DA(K,K’I,C,D). 
A quintuple of mutually tangent circles (Ki, K2, KJ, K4, KS), with o(Ki, Ki) for 
all i #j, will be called a ‘point’. It is easily seen that five circles which are pair- 
wise tangent have to be tangent in the same point. 
Two points, (Kt , Kz, K3, 4, KS) and (Li, Lz, L3,4, Ls) are equal if and only if 
(VK) [ i (CY(K, Ki) V K = Ki) 
i=l 
+ ihI (X(K7 Li) V a(K, L) V K = Li)]. 
A point (Ki , K2, Ks, &, KS) is incident with L if and only if 
PK) [,h, (a(K, &) V K = K;:) + (x(K, L) V a(K, L) V K = L)]. 
We can thus rephrase the axiom system for Euclidean Mobius planes from [l, 
Satz 6.91 inside L. If we add to that rephrased axiom system the definition of I, 
in terms of incidence (translated in Lc), we obtain an axiom system C for Eu- 
clidean Mobius planes. To see this, notice that if 9X is a model of C, then the 
variables have the interpretation ‘circles’ (of inversive geometry) and if we 
conceive of quintuples (Kl , K2, K3, &, KS) with a(Ki, Kj) for all i # j, as ‘points’, 
then all incidence relations between these ‘points’and ‘circles’ true in Euclidean 
Mobius planes must hold in ZQ as well. The additional axiom, the one ‘defining’ 
I, in terms of incidence, allows us to conclude that the interpretation of I, in 
93 must be the intended one. 
To show that the axiomatization can be carried out in /Z’ as well, we will 
show that I, can be defined in terms of S, and point out that the reverse holds as 
well, so that the two theories are synonymous. We follow again [9]. 
A circle C is said to be nested between disjoint circles A and B if any circle 
intersecting A and B must intersect C as well. The unique circle M nested be- 
tween disjoint circles A and B which are at a numerical distance of 1 - 2e2 
apart, and such that 6(A, M) and S(B, M) holds, will be called the mid-circle of 
A and B (see [6, p. 2971). It is for these particular A and B that we want to define 
the triple (A, B, M) inside L’. We start with a definition of the non-tangency 
predicate 7, with ?(A, B) to be read ‘A and B are not tangent’ (cf. [9, Lemma 
2.2(ii)]): 
?(Al,A2) : * (3A3) ii, A3 # A A [(301 . . -Ds) A Di #Dj 
i#j 




P(A, B, X) :* S(X, A) A 6(X, B) A [(VD) 6(D, A) A S(D, B) -+ ?(D, X)], 
to be read as ‘X is a numerical distance Q from both A and B and is not tangent 
to any other circle D at numerical distance e from both A and B’ (cf. [9, Proof of 
Lemma 3.11). 
We are now ready to define 
p(M, A, B) :- A # B A @(A, B, M) A ((VN) ,@A, B, N) + N = M), 
to be read as ‘M is the mid-circle of A and B, two disjoint circles, 1 - 2e2 apart’. 
We are now ready to define, following [9, Lemma 2.31, I, by 
We can now rephrase the axiom system C in L’. By adding an axiom defining 6 
in terms of I, (and incidence, which may be defined in terms of I, - it is per- 
haps easier to see how a definition of 6’ in terms of lp may be obtained in the 
case of hyperbolic three-space, where one knows, following Menger (cf. [19, 
11.41) how to express all hyperbolic notions in terms of incidence, which is de- 
finable in terms of &), we obtain an axiom system C’ for Euclidean Mobius 
planes, and 6’ has the intended interpretation in all models of C’. 0 
We chose to specify a value (definable inside the theory of Euclidean Mobius 
planes) for the numerical distance between two circles A and B for which 
6(A, B) holds, rather than leave it undefined (which we could have done by first 
defining the equidistance relation z in terms of the relation of ‘fixed un- 
specified distance’ 8 - with z(A, B) to be interpreted as ‘the distance between the 
disjoint circles A and B has a fixed value 0’ - where AB z CD is interpreted as 
‘the numerical distance between A and B is the same as that between C and D, 
where A and B, as well as C and D are disjoint circles’, and then add to the C’- 
rephrased axiom system C (in which all occurrences of 6’ have been replaced by 
3) the axioms (3AB)@A, B), @A, B) A AB z CD + @C, D), and @A, B)A 
8(C, D) + AB z CD). The reason for choosing to axiomatize Mobius Eu- 
clidean planes by means of S and not by means of s, is that while the former is 
definable by means of I,, the latter is not, so that the theory expressed by 
means of it (for which we have pointed out an axiom system above) is not sy- 
nonymous with the theory axiomatized by C. 
The theorem we have proved shows that 3-dimensional hyperbolic geometry 
admits an axiomatization with a single binary predicate. For Euclidean geo- 
metry, the possibility of such axiomatizations was investigated in [18], [16], [12] 
(cf. also [I93 or [13]). It was shown in [17, Th. 5.31 that no finite set of binary re- 
lations among points as individual variables may serve as the set of primitive 
notions for either Euclidean or hyperbolic geometry. On the other hand, we 
have shown in [15], using the results of K. List [ll], that lines as individual 
variables and line-perpendicularity alone can axiomatize n-dimensional hy- 
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perbolic geometry with n = 2 or n 2 4, but one cannot axiomatize 3-dimen- 
sional geometry by means of line-perpendicularity alone. The present result 
closes the gap, showing that in all dimensions, elementary hyperbolic geometry 
can be axiomatized by means of a single binary predicate. 
I take this opportunity to point out that I omitted to mention in [14] that the 
reformulation as definability statements of characterizations of geometric 
transformations under mild hypotheses, a reformulation which was carried out 
in the present paper as well, relies not only on Theorem 1 in [14], but also on 
Beth’s definability theorem. The two combined yield the following (special 
cases of which are stated in [8, Th. 66.4, Ex. 6.6.21) 
Preservation and Definability Theorem. Let L C Lf be twofirst order languages 
containing a sign for an identically false formula, I be a theory in L+, and p(X) be 
an L’-formula in the free variables X = (XI,. . . , X,,). Then the following asser- 
tions are equivalent: 
(i) there is an L-formula Q(X) (which is positive existential; positive ex- 
istential, but negated equality is allowed; positive) such that I t p(X) c) $(X); 
-(ii) for any ‘2, ?73 E Mod(l), and each L-isomorphism (L-homomorphism; L- 
monomorphism; L-epimorphism) f : ‘i?l --t 23, thefollowing condition is satisfied.. 
ifc E !?I” and ‘3 k p(c), then 93 t= cp(f (c)). 
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